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We exactly solve the Wheeler-DeWitt equation for the closed homogeneous and isotropic quantum
cosmology in the presence of a conformally coupled scalar field and in the context of the generalized
uncertainty principle. This form of generalized uncertainty principle is motivated by the black
hole physics and it predicts a minimal length uncertainty proportional to the Planck length. We
construct wave packets in momentum minisuperspace which closely follow classical trajectories and
strongly peak on them upon choosing appropriate initial conditions. Moreover, based on the DeWitt
criterion, we obtain wave packets that exhibit singularity-free behavior.
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I. INTRODUCTION
In recent years, many investigations have been devoted
to study the existence of a minimal length uncertainty
in the context of the Generalized (Gravitational) Uncer-
tainty Principle (GUP) [1]. The notion of a fundamen-
tal limit to the resolution of structure is motivated by
thought experiments as well as various proposals of quan-
tum gravity such as string theory, loop quantum gravity,
noncommutative geometry, and black hole physics. It
represents an approach to effectively consider quantum
gravitational aspects that cannot be treated accurately
yet. This minimal length is usually considered to be pro-
portional to the Planck length ℓP ≈ 10−35m. However, it
should be noted that as shown by Yoneya [2], the general-
ized uncertainty principle is not generally valid in string
theory. In particular, the GUP introduced below is, in
fact, incompatible with string theory, and there are other
approaches to quantum gravity where a minimal length
is not required.
Several testing schemes have been established to study
the effects of the quantum gravity ranging from table-
top experiments [3] to astronomical observations [4, 5].
Some proposals tried to explain the puzzling observations
of ultrahigh energy cosmic rays in the framework of quan-
tum gravity for particle propagation [6] and to develop
high intensity laser projects for quantum gravity phe-
nomenology in the context of deformed special relativity
[7]. Recently, a direct measurement method to experi-
mentally test the existence of the fundamental minimal
length scale was proposed using a quantum optical ancil-
lary system [3]. This method is within reach of current
technology and it is based on the detection of the possible
deviations from ordinary quantum commutation relation
at the Planck scale.
The interest in deformed commutation relations
∗Electronic address: pedram@ipm.ir
started from the seminal paper by Snyder in the rela-
tivistic framework [8] and followed by others to investi-
gate the effects of the minimal length on quantum me-
chanical and classical systems. Various problems such as
harmonic oscillator with minimal uncertainty in position
[9, 10] or in position and momentum [11], Dirac oscil-
lator [12], Coulomb potential [13, 14], singular inverse
square potential [15], ultracold neutrons in gravitational
field [16], Lamb’s shift, Landau levels, tunneling current
in scanning tunneling microscope [17], cosmological prob-
lems [18–20], and Casimir effect [21] have been treated
exactly or perturbatively in the quantum domain. On
the other hand, the classical limit of the minimal length
uncertainty relation, Keplerian orbits, thermostatistics,
deformations of the classical systems in the phase space,
and composite systems have been studied at the classical
level [22].
As stated above, the generalized uncertainty principle
is usually interpreted as an effective description of fea-
tures of a fundamental quantum theory of gravity. How-
ever, it is also possible to consider the GUP as a funda-
mental description of nature by itself. In this case, not
only the position and momentum of a particle as variables
of quantum mechanics obey such a generalized uncer-
tainty principle, but also other variables should be quan-
tized using a generalized quantization rule. Canonical
quantum gravity as an important approach to quantize
the general relativity is based on the canonical commu-
tation relations. Similarly, in the framework of quantum
field theory the canonical commutation relation between
the position and momentum operators is assigned to the
field and its canonical conjugated quantity. If we con-
sider the GUP in quantum mechanics as a fundamental
characterization of nature, then the quantum gravity and
quantum field theory should be treated in the same way.
In this direction, the quantization of gravitational fields
based on the generalized uncertainty principle has been
studied in many papers [23].
The construction of wave packets in quantum cosmol-
ogy as the solutions of the Wheeler-DeWitt (WDW)
2equation and its relation with classical cosmology has
attracted much attention in the literature [24–27]. These
wave packets are usually obtained by the superposition of
the energy eigenfunctions so that they follow classical tra-
jectories in configuration space and peak on them when-
ever such classical and quantum correspondence is feasi-
ble [28–30]. However, since time is absent in the theory of
quantum cosmology, the initial conditions can be formu-
lated with respect to an intrinsic time parameter, which,
in the case of the hyperbolic WDW equation, is taken as
the scale factor for the three-geometry [31]. In partic-
ular, the Friedmann-Robertson-Walker (FRW) quantum
cosmology in the presence of a minimally coupled scalar
field is studied in Refs. [27, 32] and appropriate initial
conditions are presented. The quantum cosmology in a
(n+ 1)-dimensional universe with varying speed of light
is investigated in Ref. [33]. A class of Stephani cosmo-
logical models with a spherically symmetric metric and a
minimally coupled scalar field is studied in both classical
and quantum domains [34–36].
In this paper, we study a closed FRW quantum cosmol-
ogy with a conformally coupled scalar field and vanishing
cosmological constant in the presence of a minimal length
uncertainty. The basic results of the conformally cou-
pled scalar field quantum universe have been addressed
by several authors [28, 29, 37–49]. For instance, Page
has studied the solutions of the WDW equation for the
FRW universe with positive, negative and zero curva-
tures [41]. The WDW equation for the positive curva-
ture transforms into a oscillator-ghost-oscillator differen-
tial equation which is exactly solvable. Here, both the
scale factor and the scalar field obey the modified com-
mutation relation, i.e., {Q,P} = 1 + βP 2 where β is
the deformation parameter. We assume that the gener-
alized quantization principle in quantum mechanics also
holds for the quantities of quantum gravity and gener-
alized representations of the operators are assigned to
the observables in the canonical approach of quantum
geometrodynamics. We exactly solve the GUP-corrected
WDW equation in momentum space and construct wave
packets with classical-quantum correspondence using ap-
propriate choices of the initial conditions. We also ob-
tain wave packets that avoid singularities based on the
DeWitt boundary condition.
II. THE MODEL
Consider the Einstein-Hilbert action for the gravity
and a conformally coupled scalar field
S =
∫
d4x
√−g
[
1
16πG
R− 1
2
∇µφ∇µφ− 1
12
Rφ2
]
, (1)
where φ is the scalar field. Also, gµν , g, andR denote the
four-metric, its determinant, and the scalar curvature,
respectively. Units are set so that h¯ = c = 1. The FRW
minisuperspace model with constant positive curvature
and the homogeneous scalar field are given by
ds2 = −N2(t)dt2 + a2(t)
[
dr2
1− r2 + r
2(dθ2 + sin2 θ dφ2)
]
, (2)
φ = φ(t). (3)
Now, we define a new variable χ = aℓPφ/
√
2 where
ℓP =
√
8πG/3 and substitute Eq. (2) in the action (1).
After integrating out the spatial degrees of freedom and
discarding total time derivatives, we find the following
action [41, 47]:
S =
∫
dt
[
Na− aa˙
2
N
+
aχ˙2
N
−N χ
2
a
]
. (4)
The corresponding Hamiltonian reads
H = NH = N
[
−P
2
a
4a
+
P 2χ
4a
− a+ χ
2
a
]
, (5)
where Pa = −2aa˙N and Pχ =
2aχ˙
N are the canonical mo-
menta conjugate to the scale factor and the scalar field,
respectively.
A. The Generalized Uncertainty Principle
In ordinary quantum mechanics the position and mo-
mentum of a particle can be measured separately with
arbitrary precision. One way to introduce a minimal
value for the measurement of position Q is to modify
the Heisenberg uncertainty relation to the so-called gen-
eralized uncertainty principle as [9]
∆Q∆P ≥ h¯
2
(
1 + β
[
(∆P )2 + 〈P 〉2]) , (6)
where P is the momentum, β = β0/(MPlc)
2, β0 is of
the order of unity, and MPl is the Planck mass. Note
that the inequality relation (6) implies an absolute min-
imum observable length, namely, (∆Q)min = h¯
√
β. In
one dimension, the above relation is given by the follow-
ing deformed commutation relation:
[Q,P ] = ih¯(1 + βP 2). (7)
One possible representation of this algebra is given by [9]
Qψ(p) = ih¯(1 + βp2)∂pψ(p), (8)
Pψ(p) = pψ(p), (9)
where Q and P are symmetric operators on the dense
domain S∞ subject to the following scalar product:
〈ψ|φ〉 =
∫ +∞
−∞
dp
1 + βp2
ψ∗(p)φ(p). (10)
3In this representation, the completeness relation and
scalar product read
〈p′|p〉 = (1 + βp2)δ(p− p′), (11)
1 =
∫ +∞
−∞
dp
1 + βp2
|p〉〈p|. (12)
In the classical limit h¯ → 0 the commutator in quan-
tum mechanics is replaced by the Poisson bracket for the
corresponding classical variables
1
ih¯
[X,P ]→ {X,P}, (13)
which for the deformed Heisenberg algebra (7) is
{Q,P} = 1 + βP 2. (14)
The nonzero uncertainty in position implies that posi-
tion eigenstates cannot be considered as physical states.
This is due to the fact that an eigenstate of an observable
necessarily has vanishing uncertainty. In fact, it is pos-
sible to construct position eigenvectors, but these states
are only formal eigenvectors and they are not physical
states [9]. Notice that this feature results from the mod-
ification of the canonical commutation relations, and the
noncommutativity of space will not, in general, imply
a nonzero minimal uncertainty. So, to obtain informa-
tion on position, we cannot use configuration space, and
we need to take into account the notion of quasiposition
space.
The states that help us to recover information on
positions are maximal-localization states. These states
|ψMLξ 〉 as proper physical states have the proprieties
〈ψMLξ |Q|ψMLξ 〉 = ξ, (∆Q)ψMLξ = (∆Q)min, and obey the
minimal uncertainty condition ∆Q∆P = |〈[Q,P ]〉|/2.
Thus, they satisfy the following equation [9]:(
Q− 〈Q〉+ 〈[Q,P ]〉
2(∆P )2
(P − 〈P 〉)
)
|ψMLξ 〉 = 0. (15)
In momentum space, the normalized solutions read
ψMLξ (p) =
√
2
√
β
π
(1+βp2)−1/2 exp
(
−i ξ
h¯
√
β
tan−1(
√
βp)
)
.
(16)
It is now obvious that for β = 0 we recover the ordi-
nary plane waves. Since maximal-localization states are
normalizable, unlike the canonical case, their scalar prod-
uct is a function rather than a distribution. Finally, to
find quasiposition wave functions, we project an arbi-
trary state |ψ〉 on the maximally localized states |ψMLξ 〉,
which gives the probability amplitude for a particle being
maximally localized around the position ξ with standard
deviation (∆Q)min. These projections are called quasi-
position wave functions and defined by ψ(ξ) ≡ 〈ψMLξ |ψ〉.
Therefore, we obtain
ψ(ξ) =
√
2
√
β
π
∫ +∞
−∞
dp
(1 + βp2)3/2
exp
(
i
ξ
h¯
√
β
tan−1(
√
βp)
)
ψ(p).
(17)
For β = 0, this is the well-known Fourier transformation
where the ordinary position wave functions are given by
ψ(ξ) = 〈ξ|ψ〉.
Before proceeding further, let us emphasize that it is
difficult to construct a meaningful position space using
GUP-corrected coordinates. Indeed, the locality prob-
lems that appear in these approaches strongly indicate
that these coordinates are not physically relevant. How-
ever, they can be expressed in terms of the physical co-
ordinates that obey the standard commutation relations,
namely, Q = (1 + βp2)q and P = p where [q, p] = ih¯.
Here, we study the time evolution of the GUP-corrected
coordinates as well as the physical coordinates in the clas-
sical domain. Also, in the quantum domain, the momen-
tum space wave function is found in terms of the physical
coordinates.
B. Classical cosmology
In the context of the GUP, the scale factor and the
scalar field satisfy the the following deformed Poisson
brackets
{a, χ} = 0, {Pa, Pχ} = 0,
{a, Pa} = 1 + βP 2a , {χ, Pχ} = 1 + βP 2χ .
(18)
So the equations of motion for the scale factor and the
scalar field are given by

a˙ = {a,H} = −NPa(1 + βP 2a )/(2a),
P˙a = {Pa, H} = 2N(1 + βP 2a ),
χ˙ = {χ,H} = NPχ(1 + βP 2χ)/(2a),
P˙χ = {Pχ, H} = −2N(1 + βP 2χ)χ/a.
(19)
Using the gauge N = a, the time evolution of the scalar
field reads
χ˙ = {χ,H} = −1
2
Pχ(1+βP
2
χ), P˙χ = {Pχ, H} = 2χ(1+βP 2χ).
(20)
To proceed further, it is convenient to use the variable
Π = 1√
β
arctan
(√
βPχ
)
, which results in
χ˙ = − tan
(√
βΠ
)
sec2
(√
βΠ
)
2
√
β
, Π˙ = 2χ. (21)
So we have
Π¨ +
tan
(√
βΠ
)
sec2
(√
βΠ
)
√
β
= 0. (22)
If we set initial conditions so that χ(0) = 0 and Pχ(0) =
Π0, the solutions are given by
χ(t) =
1
2
Π0
√
1 + η2 tan
(√
1 + η2 t
)
√
1 + (1 + η2) tan2
(√
1 + η2 t
) , (23)
Pχ(t) =
Π0√
1 + (1 + η2) tan2
(√
1 + η2 t
) , (24)
4where η =
√
βΠ0. Also, if we set Pa(0) = 0, the Hamil-
tonian constraint H = 0 implies a(0) = Π0/2, and the
solutions read
a(t) =
1
2
Π0
√
1 + η2 cot
(√
1 + η2 t
)
√
1 + (1 + η2) cot2
(√
1 + η2 t
) , (25)
Pa(t) =
Π0√
1 + (1 + η2) cot2
(√
1 + η2 t
) . (26)
It is straightforward to check that for β → 0, the
above solutions coincide with the harmonic oscillator so-
lutions which represent a Lissajous ellipsis in configura-
tion space. Note that this solution as well as the β = 0
case is singular in the classical domain; i.e., the scale
factor goes to zero as t→ Π/(2
√
1 + η2).
Now, let us find the time evolution of the physical co-
ordinates. For our problem, these coordinates are given
by
a = (1 + βp2)qa, Pa = p,
χ = (1 + βp˜2)qχ, Pχ = p˜,
(27)
where {qa, p} = {qχ, p˜} = 1. Therefore, after solving
q˙ι = {qι, H} and p˙ι = {pι, H} for pι ∈ {p, p˜}, we find
qχ(t) =
Π0
4
√
(1 + η2)
−1
+ tan2
(√
1 + η2 t
)
× sin
(
2
√
1 + η2 t
)
, (28)
p˜(t) =
Π0√
1 + (1 + η2) tan2
(√
1 + η2 t
) , (29)
and
qa(t) =
Π0
4
√
(1 + η2)
−1
+ cot2
(√
1 + η2 t
)
× sin
(
2
√
1 + η2 t
)
, (30)
p(t) =
Π0√
1 + (1 + η2) cot2
(√
1 + η2 t
) . (31)
C. Quantum cosmology
Let us briefly present the minisuperspace quantization
of the β = 0 universe model. Following the Dirac quanti-
zation procedure, namely, using the canonical replace-
ment Pa → −i ∂∂a and Pχ → −i
∂
∂χ
and assuming a
particular factor ordering, one arrives at the Wheeler-
DeWitt equation for the conformally coupled scalar field
model [40, 41, 47, 48] (h¯ = 1),
HΨ(χ, a) = {P 2a + P 2χ + 4 (a2 − χ2)}Ψ(χ, a)
=
{
− ∂
2
∂a2
+
∂2
∂χ2
+ 4
(
a2 − χ2)}Ψ(χ, a) = 0. (32)
Note that this form of the WDW equation also appears
in the context of the minimally coupled scalar field [32],
quantum Stephani universe [34], and varying speed-of-
light theories [33]. The WDW equation (32) is separable
and exactly solvable in the minisuperspace variables, and
the solutions are given by
Ψn(χ, a) = ψn(χ)ψn(a), (33)
where ψn(z) =
(
2
π
)1/4 [
Hn(
√
2z)√
2nn!
]
e−z
2
and Hn(z) is
the Hermite polynomial of degree n.
In the presence of the minimal length, since there are
no position eigenstates in the Heisenberg algebra repre-
sentation, the Heisenberg algebra finds no Hilbert space
representation in the space of position wave functions [9].
So, we use a proper representation of the commutation
relations on wave functions in the momentum space, i.e.,
Eqs. (8) and (9). The GUP-corrected Wheeler-DeWitt
equation in momentum space now reads{
−
(
(1 + βp2)
∂
∂p
)2
+
(
(1 + βp˜2)
∂
∂p˜
)2
+
1
4
(
p2 − p˜2)
}
Ψ(p, p˜) = 0, (34)
where we used a = (1 + βp2)qa = i(1 + βp
2)∂p, Pa = p,
χ = (1+βp˜2)qχ = i(1+βp˜
2)∂p˜, and Pχ = p˜. Notice that
p and p˜ are physical coordinates, i.e., [qa, p] = [qχ, p˜] = i.
Taking Ψ(p, p˜) = ψ(p)ψ(p˜), we find
−
[
(1 + βp2)
∂
∂p
]2
ψ(p) +
1
4
p2ψ(p) = ǫψ(p), (35)
and a similar equation for ψ(p˜) where ǫ is the separa-
tion constant. The above equation is the Schro¨dinger
equation for a simple harmonic oscillator with minimal
length uncertainty, and it can be cast into an exactly
solvable differential equation [9, 10, 50]. Using the new
variable ρ = 1√
β
tan−1(
√
βp), which maps the domain
−∞ < p <∞ to − pi
2
√
β
< ρ < pi
2
√
β
, we find[
∂2
∂ρ2
− tan
2
(√
βρ
)
4β
+ ǫ
]
ψ(ρ) = 0, (36)
which can be written as[
∂2
∂ρ2
− 1
4β
s2
c2
+ ǫ
]
ψ(ρ) = 0, (37)
where s = sin
(√
βρ
)
and c = cos
(√
βρ
)
. Now, we take
ψ(ρ) = cλ f(s), where λ is a constant that will be deter-
mined. So, f(s) satisfies
(1− s2)f ′′ − (2λ+ 1) s f ′ +
[{
ǫ
β
− λ
}
+
{
λ(λ − 1)− 1
4β2
}
s2
c2
]
f = 0, (38)
5where −1 < s < 1. Since the wave function should
be nonsingular at c = 0, the coefficient of the tangent
squared is required to vanish, namely, λ(λ−1)− 14β2 = 0,
or equivalently,
λ =
1
2
(
1 +
√
1 +
1
β2
)
. (39)
Therefore, Eq. (38) becomes
(1− s2) f ′′ − ( 2λ+ 1 ) s f ′ +
(
ǫ
β
− λ
)
f = 0. (40)
Similarly, the nonsingularity f(s) at s = ±1 and requir-
ing a polynomial solution to Eq. (38) imply
ǫ
β
− λ = n(n+ 2λ), (41)
where n is a non-negative integer [51]. Thus, Eq. (40)
reads
(1− s2)f ′′ − (2λ+ 1)sf ′ + n(n+ 2λ)f = 0. (42)
The Gegenbauer polynomial is the solution of the above
equation
f(s) = Cλn(s). (43)
Also, the energy eigenvalues are given by Eqs. (41) and
(39) as
ǫn =
(
n+
1
2
)[√
1 + β2 + β
]
+ βn2, (44)
and the normalized energy eigenfunctions read
ψn(p) = 2
λΓ(λ)
√
n! (n+ λ)
√
β
2π Γ(n+ 2λ)
cλCλn(s), (45)
where
c = cos
√
βρ =
1√
1 + βp2
, (46)
s = sin
√
βρ =
√
βp√
1 + βp2
. (47)
Since ψ(p˜) also obeys Eq. (35), the solution of the WDW
equation is given by Ψ(p, p˜) = ψn(p)ψn(p˜).
III. WAVE PACKETS IN MOMENTUM SPACE
The general solution of the WDW equation (34) is
Ψ(p, p˜) =
∑
n=even
Anψn(p)ψn(p˜) + i
∑
n=odd
Bnψn(p)ψn(p˜),
(48)
where the separability of the eigenfunctions into even and
odd categories is due to the parity symmetry of the WDW
equation. Also, the initial wave function and the initial
derivative of the wave function are given by
Ψ(0, p˜) =
∑
n=even
Anψn(0)ψn(p˜), (49)
∂Ψ(p, p˜)
∂p
∣∣∣∣
p=0
= i
∑
n=odd
Bnψn(p˜)ψ
′
n(0). (50)
So, An determines the initial wave function and Bn de-
termines its initial derivative. Notice that we are free to
choose arbitrary expansion coefficients. However, since
we are interested in constructing wave packets with clas-
sical and quantum correspondence, these coefficients will
not be independent anymore [32]. To address the issue of
the initial conditions, consider the WDW equation (34)
near p = 0, namely,
{(
(1 + βp˜2)
∂
∂p˜
)2
− ∂
2
∂p2
− 1
4
p˜2
}
ψ(p, p˜) = 0. (51)
The solution to this equation can be written as ψ(p, p˜) =
ξ(p)ψ(p˜), which results in
d2ξ(p)
dp2
+ ǫ ξ(p) = 0, (52)
−
(
(1 + βp˜2)
d
dp˜
)2
ψ(p˜) +
1
4
p˜2ψ(p˜) = ǫ ψ(p˜), (53)
where ǫ is the separation constant with discrete values
(44). Thus, the general solution to equation (51) is
ψ(p, p˜) =
∑
n=even
A∗n cos(
√
ǫnp)ψn(p˜)
+i
∑
n=odd
B∗n sin(
√
ǫnp)ψn(p˜), (54)
which is valid for small values of p. Now, the initial wave
function and its initial slope read
ψ(p˜, 0) =
∑
n=even
A∗nψn(p˜), (55)
ψ′(p˜, 0) = i
∑
n=odd
B∗n
√
ǫnψn(p˜), (56)
where the prime denotes the derivative with respect to
p. The prescription for choosing the coefficients is that
they have the same functional form [32–34], namely
{
A∗n = f(n), for n even,
B∗n = f(n), for n odd,
(57)
where f(n) is chosen so that the initial wave function has
a proper classical description. In terms of An and Bn,
we obtain


An =
1
ψn(0)
f(n), for n even,
Bn =
√
ǫn
ψ′n(0)
f(n), for n odd.
(58)
Now, using Eqs. (48) and (58), the wave packet takes the
following form in momentum space
6Ψ(p, p˜) =
2λβ1/4Γ(λ)√
2π
(
1 + βp2
)−λ/2 (
1 + βp˜2
)−λ/2{ ∑
n=even
1
Cλn(0)
√
n! (n+ λ)
Γ(n+ 2λ)
f(n)Cλn
( √
βp√
1 + βp2
)
Cλn
( √
βp˜√
1 + βp˜2
)
+i
∑
n=odd
√
ǫn
2λ
√
βCλ+1n−1(0)
√
n! (n+ λ)
Γ(n+ 2λ)
f(n)Cλn
( √
βp√
1 + βp2
)
Cλn
( √
βp˜√
1 + βp˜2
)}
. (59)
In Fig. 1 we have depicted the resulting wave packet for
β = 0.1 and f(n) = κ
ne−|κ|
2/4√
2n n!
, where κ = |κ|e−iθ,
θ = 0, and |κ| = 4. This choice of the coefficients is due
to the fact that f(n) results in the initial wave function
with two well-separated peaks. One peak corresponds
to the initial values of classical momenta (Pa, Pχ), and
the other corresponds to their final values. As the figure
shows, the wave packet is smooth, and the crest of the
wave packet closely follows the corresponding classical
trajectory. Figure 2 shows the wave packet corresponding
to a nonsymmetric classical trajectory, i.e., t→ t+∆ in
Eq. (24),
Pχ(t) =
Π0√
1 + (1 + η2) tan2
(√
1 + η2 (t+∆)
) ,(60)
where we set ∆ = −1. For this case, we have β = 0.1,
f(n) = κ
ne−|κ|
2/4√
2n n!
, θ = π/8, and |κ| = 4. As the figures
show, for both cases the wave packets closely follow the
classical trajectories and peak on them. Note that this
behavior is due to the proper adjustment of the expan-
sion coefficients in Eq. (59). Also, the initial conditions
Pχ(0) = Π0 and Pχ(0) < Π0 correspond to θ0 = 0 and
θ0 6= 0, respectively.
IV. THE SINGULARITY PROBLEM
Cosmological singularities are one of the puzzling phe-
nomena in modern physics. In fact, because of the ex-
treme conditions at this stage of evolution of the Uni-
verse, the laws of physics must break down at the sin-
gularities. In this case, the predictive power of the the-
ory is lost, and much efforts has been devoted to find
physical mechanisms that eliminate the offending singu-
larities. In the semiclassical domain, some phenomena,
such as particle production, negative vacuum stresses,
and the presence of massive scalar fields, are proposed to
escape from the classical collapse predicament. However,
all these proposals violate various positive-energy condi-
tions of the singularity theorems. On the other hand, it
is conjectured that quantum effects can resolve this fun-
damental dilemma. Now, we present three proposals for
quantum singularity avoidance and discuss the singular
nature of the obtained wave packets. We indicate that
the singularity problem can be resolved following the De-
Witt criterion.
A. The DeWitt boundary condition
DeWitt suggested the following boundary condition
[31],
Ψ
[
(3)G
]
= 0, (61)
for all three-geometries (3)G related with singular three-
geometries. So, the criterion for the quantum universe
to be singularity free is that the wave function vanishes
at the classical singularity. For our case, at fixed p˜, the
momentum space wave function transforms to the quasi-
position wave function as follows (17):
ψ(ξ)
∣∣∣
p˜=p˜0
=
√
2
√
β
π
∫ +∞
−∞
dp
(1 + βp2)3/2
×e iξ√β tan−1(
√
βp)
Ψ(p˜0, p), (62)
where ξ = 〈a〉. By taking An = 0, Ψ(p, p˜) is an odd func-
tion of p and we have ψ(0) = 0. Consequently, the wave
function which satisfies the DeWitt boundary condition
reads
Ψ(p, p˜) =
2λ−1Γ(λ)
λ
√
2π
√
β
(
1 + βp2
)−λ/2 (
1 + βp˜2
)−λ/2 ∑
n=odd
i
√
ǫn
Cλ+1n−1(0)
√
n! (n+ λ)
Γ(n+ 2λ)
f(n)Cλn
( √
βp√
1 + βp2
)
Cλn
( √
βp˜√
1 + βp˜2
)
.(63)
This result shows that the wave packet (59) violates the
DeWitt boundary condition. In Fig. 3 we have plotted
the contour plot of the wave packet (63), which, unlike
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FIG. 1: Left: The square of the wave packet |Ψ(p, p˜)|2 (59) for β = 0.1, f(n) = κ
n
√
2n n!
e−|κ|
2/4, θ = 0, and |κ| = 4. Right: The
contour plot of the wave packet with the classical path (Π0 = 7, β = 0.1) superimposed as a thick blue line.
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FIG. 2: Left: The square of the wave packet |Ψ(p, p˜)|2 (59) for β = 0.1, f(n) = κ
n
√
2n n!
e−|κ|
2/4, θ = pi/8, and |κ| = 4. Right:
The contour plot of the wave packet with the classical path (Π0 = 8, ∆ = −1, and β = 0.1) superimposed as the thick blue
line.
Eq. (59), it does not show the classical behavior; i.e., it is
oscillatory and vanishes at several points along a classical
trajectory (Fig. 4). Note that the significance of this
boundary condition is still controversial and it has been
argued that the DeWitt boundary condition has little to
do with the quantum singularity avoidance [52–54].
B. The criterion of the expectation value of
observables
Based on the proposal by Lund [55] and Gotay and
Isenberg [56], a quantum state ψ is singular if and only if
〈ψ|Qf |ψ〉 = 0 for any quantum observable Qf where its
classical counterpart f vanishes at the singularity. One
of the advantages of this criterion is that it is straightfor-
ward to check. For our case, if we write the wave function
as a sum of even and odd parts, namely Ψ = Ψe + iΨo,
the expectation value of the scale factor observable reads
〈a〉 = 〈Ψ|i (1 + βp2) ∂
∂p
|Ψ〉
∣∣∣∣
p˜=p˜0
= i
∫ +∞
−∞
dpΨ∗(p, p˜0)
∂
∂p
Ψ(p, p˜0)
=
∫ +∞
−∞
dp {Ψ∗o(p, p˜0)Ψ′e(p, p˜0)−Ψ∗e(p, p˜0)Ψ′o(p, p˜0)} ,(64)
which is identically zero for the solution (63) and vanishes
at p˜0 = 0 for the solution (59). Therefore, this test for
quantum collapse shows that both solutions (59) and (63)
cannot escape the quantum mechanical singularity. In
the next subsection, we show that this result may be due
to the “choice of time” on the classical level.
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FIG. 3: The contour plot of the wave packet in momentum space: Eq. (63) (left) and Eq. (59) (right). We set β = 0.1,
f(n) = κ
n
√
2n n!
e−|κ|
2/4, θ = 0, and |κ| = 4.
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FIG. 4: The square of the wave packet |Ψ(p, p˜)|2 (63) along
classical trajectory for β = 0.2, f(n) = κ
n√
2n n!
e−|κ|
2/4, θ = 0,
and |κ| = 4.
C. Fast- and slow-time gauges
It is shown that the quantum collapse is predetermined
by the choice of time on the classical domain. In this
regard, Gotay and Demaret conjectured that slow-time
quantum dynamics is always nonsingular, while fast-time
quantum dynamics is inevitably singular, i.e., leads to
the collapse [52]. A time variable t is called fast time
if the singularities occur at either t = −∞ or t = ∞.
Otherwise, t is called slow time. Indeed, fast-time gauge
dynamics is complete and can be considered as a reg-
ularization of a slow-time gauge dynamics which is in-
complete. This distinction is particularly useful in the
quantum mechanical domain.
For our case, classical solutions show that the scale
factor runs from a = 0 at t = −Π/(2
√
1 + η2) and then
collapses to a = 0 at t = Π/(2
√
1 + η2). So, the time
t here is slow time. Since the above conjecture implies
that the slow-time quantum dynamics is nonsingular and
as we showed before 〈ψ|Qf |ψ〉 = 0 at the classical sin-
gularity, we conclude that the quantum dynamics (34)
is not quantized in the slow-time gauge. Note that for
β = 0 and at the classical level, the scale factor a expands
monotonically from a = 0 at φ = −∞ to its maximum
value and then collapses monotonically back to a = 0 at
φ = +∞ [41]. Thus, if we take t = φ as a time choice,
it is a fast-time gauge which runs from −∞ to +∞, and
its corresponding quantum dynamics based on the effec-
tive Hamiltonian H = −Pφ will be singular as well. For
our case, although this conjecture does not determine the
time gauge of the quantum dynamics, it only indicates
that the model is quantized in a fast-time gauge.
V. CONCLUSIONS
We have studied a closed Friedmann-Robertson-
Walker quantum cosmology model in the presence of a
conformally coupled scalar field and in the context of
the generalized uncertainty principle. In this framework,
both the scale factor and the scalar field satisfy the mod-
ified commutation relation [Q,P ] = i(1 + βP 2) where β
is the GUP parameter. We exactly solved the Wheeler-
DeWitt equation in momentum space and obtained the
solutions in terms of the Gegenbauer polynomials. In
9principle, since the WDW equation is a second-order dif-
ferential equation, the initial wave function and its initial
derivative, i.e., the expansion coefficients, can be chosen
freely. However, the classical and quantum correspon-
dence imposes a particular relation between the expan-
sion coefficients. Here, we proposed a particular relation
between the even and odd expansion coefficients that de-
termine the initial wave function and its initial derivative,
respectively. The resulting wave packets closely followed
their corresponding classical trajectories and peaked on
them in the momentum space. For f(n) = κ
ne−|κ|
2/4√
2n n!
where κ = |κ|e−iθ, we showed that the symmetric and
nonsymmetric classical solutions correspond to θ = 0 and
θ 6= 0, respectively. These wave packets are also singular
in the quantum domain based on the DeWitt boundary
condition. This problem can be avoided (even in the ab-
sence of the GUP) by taking An = 0, namely, vanishing
the even expansion coefficients. However, the criterion of
the expectation value of observables and the conjecture
by Gotay and Demaret showed that the singularity prob-
lem still exists due to the fast-time gauge of the quantum
dynamics.
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